In this paper, we study a combination of Cyclic Nimhoff and subtraction games. We give the G-value of the game when the subtraction games have a specific property.
Introduction
We assume that the reader is familiar with basic terminology about combinatorial game theory, in particular about impartial games, for example, N -position, Pposition, nim-sum, and G-values.
We express the nim-summation by symbol ⊕ . Definition 1.1. Let G and G ′ be game positions. The notation G → G ′ means that G ′ can be reached from G by a single move.
Throughout this paper, we suppose that all game positions are "short", namely the set of G ′ such that G → · · · → G ′ is finite for any game position G. Shortly after Bouton published studies on the strategy of Nim [2] , Wythoff conducted research on P-position of a game which is nowadays called Wythoff's Nim [10] .
The P-positions are known to the following: let (m, n) (m ≤ n) be a position of Wythoff's Nim. For n − m = k, the P-positions of Wythoff's Nim are given by m = ⌊kΦ⌋, n = ⌊kΦ⌋ + k, where Φ is the golden ratio, i.e. Φ =
1+
√ 5
2 . This Wythoff's work was one of the earliest researches on heap games which permit the player to remove tokens from several heaps at the same time. Another early research was by Moore [7] . In Moore's game the player can remove tokens from a limited number of heaps at the same time without any restriction.
Connell considered Wythoff-type games in which the player can only remove a multiple of k tokens from a single heap and can remove any (but the same) numbers of tokens from the both heaps [3] . He characterized P-position of the game.
Holladay considered various versions of Wythoff's Nim and characterize P-position for several versions [6] . The game of type E in his paper is the 2-heap version of Cyclic Nimhoff, whose G-values will be explained in the next subsection. The 2-heap version of Cyclic Nimhoff is studied in [4] as well.
Cyclic Nimhoff
Nimhoff was extensively researched by Fraenkel and Lorberbom [5] . Let R be an n-ary relation not containing (0, . . . , 0). The moves are two types: each player can remove any positive number of tokens from a single heap, or remove s i tokens from the ith heap for i = 1, . . . , n such that R(s 1 , . . . , s n ). In particular they researched Cyclic Nimhoff in which relation R(s 1 , . . . , s n ) is defined to be 0
where h is a fixed positive integer. The G-value of position (x 1 , x 2 , . . . , x n ) in Cyclic Nimhoff is
Subtraction Game
Let S be a set of positive integers. In subtraction game Subtraction(S), the only legal moves are to remove s tokens from a heap for some s ∈ S. In particular, Nim is Subtraction(N + ), where N + is the set of all positive integers. There are a lot of preceding studies on subtraction games. For examplein the case S = {s 1 , s 2 } or S = {s 1 , s 2 , s 1 + s 2 } a study was done in Winning Ways [1] . On the other handAll-but subtraction games All-but(S) (i.e. Subtraction(N + \ S) such that S is a finite set) were studied in detail by Angela Siegel [8] . She proved that the SpragueGrundy sequence is arithmetically periodic and characterized some cases in which the sequence is purely periodic. Sleator and Slusky made several further results [9] .
Generalized Cyclic Nimhoff
We define Generalized Cyclic Nimhoff as a combination of Cyclic Nimhoff and subtraction games as follows.
Definition 2.1 (Generalized Cyclic Nimhoff). Let h be a fixed positive integer and S 1 , S 2 , . . . , S n are sets of positive integers. Let (x 1 , x 2 , . . . , x n ) be an ordered n-tuple of non-negative integers. We define subsets X 1 , X 2 , · · · , X n , Y of the set of n-tuples of non-negative integers as follows:
In Generalized Cyclic Nimhoff GCN(h; S 1 , S 2 , . . . , S n ), the set of legal moves from position (
be the Sprague-Grundy sequence of Subtraction(S), that is, G S (x) is the G-value of the position with x tokens. Let a 1 , a 2 , . . . , a n be arbitrary sequences of non-negative integers. Let (x 1 , x 2 , ..., x n ) be a game position of Generalized Cyclic Nimhoff GCN(h; S 1 , S 2 , . . . , S n ).
Proof. For each i = 1, . . . , n, let x i = hq i + r i where 0 ≤ r i < h. Since G Si is the h-stair of sequence a i , G Si (x i ) = ha i (q i ) + r i . In other words, note that
The proof is by induction on (x 1 , x 2 , . . . , x n ).
Then, it is sufficient to prove that
First, we show that for any k < hQ(x 1 , x 2 , . . . , x n ) + R(x 1 , x 2 , . . . , x n ), there exists a position (x
There are two cases:
Case that hQ(
In this case, k can be written in form hQ(
Case that k < hQ(x 1 , x 2 , . . . , x n ): In this case, k can be written in form hQ
According to the nature of nim-sum, there exists j and g which satisfy
Without loss of generality, we assume j = 1. That is, there exist g < a 1 (q 1 ) which satisfies
, and therefore, there exists x
Next, we show that, if (
Cleary, the claim is true if (x
There are a variety of subtraction games with the h-stair of a simple integer sequence as their Sprague-Grundy sequence. 
